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DÌpZYB2pUB`ofgX  OdTA
BMPKLp@no=@`FV5pUTRf;OdTV5pjU`FV5SUXWBA nfYp¤S,BjU`dB2MFBp^OdB2lf5Mc§V5XXWV;iM  <>=UB2`FBfg`dB N MPKNMPOFBAM¹jU`dVLnB2MdMPV5`dM  ]Up@T OoM  j,B`oMPV5p@McBOdn  ~<>=UB`dBT\MfYp¤fgS@MFVYXW]NOdB~§j@=^KNMFTWn2fgXªOFTWA
B t  SU]NO>B2f5no=jU`dVLnB2MdMPV5` j§]@X @XWX\Mf=UVYA
VYZ5BpUB2VY]@M¶abVYS¤TWp¤TOdMV;#pjU`dVYj,B`cOdTA
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B T0TOT\M>lNT\M§abV5Tp^O§`FV5A VYOF=UB2`j@`FVNnBRMFMFVY`oM (' V;Be5B`  Od=UB`dBT\M>fnV5A
A]UpUT\nfgOFTWVYp¤S,BObBB2pBRfYno=¤j@fYT`VYjU`dVNnBRMFMFVY`oM  #=UT\no=MP=UV5]UX\lXWB2f5l¤OdV¤lN`df5MbOdTWnno=@fYpUZYBVgOF=@BTW`#jU`FV5jkB2`>OFTWA
B2M <>=UB2`FBn2fgp S,BmA
fYpLKe;fg`dTWfYp^OdMVgB$)UfYnO#§VY`dA]UX\f;OdTV5pVYMF]@no= jU`dVYSUXWBA  MFBB+* %  } ,-Òc B#TWXXn2fgXWXOF=UBA
VLlUBXinV5p@MFTWlNB2`FBRl =UB2`FBOF=UBS@f5MPT\nA
VNlNB2X  SkBRnfg]kMPBOF=UB2`FB fg`dBp@Vw`dB2MPOF`dTWnOFTWVYp@M~VYp OF=UBab]@AQj&jU`dVNnB2MdM  xfYp^KVYOF=UB2`jU`FV5SUXWBAMTp@nX]klNBMP]@no=w`FBRMbOd`FT\n·OdTV5p@M  §VY`B$)UfgA
jUXWB  V5pUXWKab]UA
j@MOFVOd=UBXWBªOfY`FBmfYXXWV;BRl /. ]UBmOdV¤fgS@MFBpknBmVg`dB2MPOF`dTWnOFTWVYp@M  OF=@TWM#j@`FV5SUXB2A  fYMiBm#TWXXMPB2BSkB2XV;  TWMif0 XTWpUBRfg`j@`FV5SUXB2A 0 TWpOF=@B
MFBpkMPBOF=@fgOfgªOFB`mMdnfYXTWpUZ5MT OmXWB2f5lUMiOdVXWTWpUB2fY`BR[5]kf;OFTWVYpkM  DÌpwlUB2MFjUT OdB~VYOd=UT\M#T Oi=kfYM>pUV5p5Od`FTWeLTWfYXSkB2=@f{eLTV5]U`  V5pUBmMPB2B2M#lNT,B2`FB2p^OijUTWnOF]U`dBmVYp lNT,B2`FB2p^OOdTA
BMdnfYXBRM 
 BZ5Te5B¤pUV; B2[^]UTWe;fgXWBp^O~B1)UfYn·O~§VY`dA]UX\f;OdTV5p Vg#Od=UBA
VNlNBX>BnV5p@MFTWlNB2`=UB2`FB  Tp OFB`dAMVYjkfg`FOFT\nXWB2M  Ep OF=UB`dB2fYX#XTWpUBOF=UB2`FBfY`FB N1 jkfg`FOFT\nXWB2M
VgObKLjkB 1 fgpkl N2 j@fg`FOFT\nXWB2M
VYObKLj,B 2nVY`d`FBRMPj,VYpklNTp@ZYXWK  N = N1 + N2  fYno= j@fg`FOFT\nXWBVg>ObKLj,B i = 1, 2 jkB2`P§V5`FAMObVTpklNBj,Bp@lUBp^OA
V;e5BA
Bp^OdM 2 TW`dMPOVgUfgXWX  TO0A
V;eYBRM¶#TOF=nVYp@MPOdfYp5O0MFj,BB2l vi TpOF=UBcj,V5MFTOFTWeYB(lNTW`dB2n·OdTV5p  BfYMdMF]UA
B§]@`POd=UB`Od=@f;O
vi
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B#TOF=@VY]NOcXWV5MdMVgZYB2pUB`ofgXWT ObKOd=@f;O
0 ≤ v1 < v2  <>=UBmlNB2ZYBp@B`of;OFBnf5MPB v1 = v2 TWMlNT B`dBp^OfYp@l#TWXWXSkBnVYp@MFT\lNB`dB2lMPB2j@fg`of;OdBXWK ILBRnV5p@lNXWK  f;OfgpLK OdTA
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, i = 1, 2; k =














k (0) + vit 
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N1, N2
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v = v(N1, N2) > 0
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k (t) −m(t), i = 1, 2; k = 1, ..., Ni
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B t = 0§V5`cfgpLKS,VY]UpklNB2l
C1 5 §]Up@nOFTWVYp@M φi(x) VYp R Od=UBiMPBR[^]UBp@nB < m(Ni)i (0, .), φi > nV5pLeYB`dZYBRMOdVMPV5A
BpL]UA~SkB2` 
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i (t, x) = mi(t, x)
*($9
mi(t, x)















% V; BmfYp5OOFV¤MPOF]klNK¤Od=UBfYMFKLAQjUOFVgOdTWnS,B=@f{eLTWVY]U`>VY mi(x, t) §V5` t→ ∞ G. BpUVYOFB
ai(t) =
∫
xmi(x, t)dx, di(t) =
∫
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v, d > 0
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  EA
t→ ∞
ai(t) = vt+ ai0 + o(1)
di(t) = dt+ di0 + o(1)$ 1 4  -
ai0, di0
 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  1
∆i(x, t) =
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BmOd=@f;O N1 = [c1N ]  N2 = [c2N ]§V5`MFVYA
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N → ∞ fgp@l
t = t(N) → ∞ 
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→ α12v2 + α21v1
α12 + α218 MFMF]UA
BmpUV; Od=@f;O
Ni = ciN  #=@B`dB ci > 0, c1 + c2 = 1 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N 
   t(N)
N
→ 0 G E1 Ri(t(N)) ∼ hκ2t(N) 
   t = t(N) = sN $ 1+ s > 0 G$ Ri(t(N)) ∼ h (1 − e−κ2s)N 
   t(N)
N
→ ∞ G E1 Ri(t(N)) ∼ hN 
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κ2 > 0
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nfYMFB#=UB2p
N1 = N2 = 1  <>=L]@MnVYp@MFT\lNB`Od=UBmjU`dVNnB2MdM









i = 1, 2
fYp@l MFVYA
B
v > 0  A
VY`dBV;e5B`
OF=@BwlNT\MbOd`FTWSU]NOdTV5p VgOd=UBz`ofgp@lUVYA e;fY`FT\fgSUXWB ρ(t) =
x(2)(t) − x(1)(t) OdBp@l@M>OFVMFVYA
BmlNTWMPOF`dTWSU]NOFTWVYp V5p R+  B¤nfYpwfYMdMF]UA
BOd=@f;O v1 = 0, v2 > 0  <>=@B
xzfg`93YV;e no=@fgTWp ρ(t) = x(2)(t) − x(1)(t) VYp R+Mdf;OdTWMP@BRM(Od=UB . V^B2SUXWTpnV5p@lNTOFTWVYp  Od=@f;O#T\M§`FV5A fgpLK x ∈ R+ Od=UB`dBTWM#fab]UA










x(1)(t) = x(2)(t)  DÒOcTWMcnXBRfg`Od=@f;O tk− tk−1 fg`dB>TpklNBj,Bp@lUBp^O(`ofgp@lNV5A e;fg`dT 5fYSUXWB2M  B1)NjkV5pUBp^OFT\fgXWXWKlUTWMPOF`dTS@]NOFBRlm#T Od=j@fY`dfYA
BOFB2` α12+α21  DÒO0§VYXWXWV;iM¶OF=kf;O F (x) TWMB1)Lj,VYp@Bp^OFT\fgX#TOF=Od=UBlNBpkMPTObK
p(x) = λ exp(−λx), λ = α12 + α21
v2 − v1<>=L]@M  TOF=UBXWTWAQTOdM limt→∞ xi(t)t B$)NT\MbO  Od=UBp Od=UBK fg`dBmB2[^]@fYX  BOi]@MijU`dV;eYBOd=@f;OiOd=UBKB$)NT\MbOfYp@l




DÌp¤¹fYn·O  OF=UBj@fg`FOFT\nXWB 1 A
V;e5B2Mc#TOF=nVYpkMbOofgp^OMFjkB2B2l v1 fgp@l¤jkB2`P§V5`FAMcV5pOF=@BiOFTWA
BTWp^OFB2`Fe;fgX [0, T ]TWp@lNB2jkB2p@lNB2p5OB$)NjkV5pUBp^OdTWfYXXWK lNT\MbOd`FTWSU]NOdB2l&ab]UA
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MPOdfgOFB2AQB2p^OcVgOF=UBOF=UB2VY`dBA  Bn2fgpjU]UO v1 = 0fYp@lno=@fYpUZYBOF=UB
nVLV5`dlNTWp@fgOFB~MFKNMbOdBA jU]NOFOFTWpUZ
m(t) = 0  : V5p@MPT\lNB2`fnVYpU@ZY]U`of;OdTV5pVg(jkfg`FOFT\nXWB2MfgOiOFTWA
B
t A. BpUVYOFBOd=UBj@fY`POdTWnXB  #=UT\no==@f5MinVLV5`dlNTWp@fgOFB m(t) = 0 f;OiOdTA










[0, 2v2] <>=@TWM>jU`dVYSkfgSUTWXTObKn2fgpSkB¤¹eYB`dK¤`dVY]UZ5=UXWKN(B2MPOFTWAf;OdB2l§`FV5A SkB2XV;*fYM



































(t + 1, t + 2)  INTA
TWXWfY`FXWK  ]Up@lUB`OF=@BnVYp@lUT OdTV5pOF=@fgOOd=UBjkfg`FOFT\nXWB
0
=kfYMObK^j,B




































k (t) −m(t), i = 1, 2; k = 1, ..., Ni
} Mdf;OdTWMP@B2M
Od=UB . VLBSUXWTWp nV5p@lNTOFTWVYp  <>=UB2p T OQTWMB`dZYVNlNT\n¤fgpkl =@fYM~MPV5AQBMbOof;OFTWVYpkfg`dKzlNT\MbOd`FTWSU]NOdTV5p  B#TWXX#`dTOFBpUV;*§V5`FA~]UXWfQ§V5`
v  f5MFMF]UA
TWpUZ=UV;BeYB2`#OF=kf;O αii = 0  2 VY`OF=UT\MiBpUB2B2lMFVYA
BAfY`FZ5Tp@fYXWMVY0Od=UTWMMbOof;OFTWVYpkfg`dK¤lNTWMPOF`dTWSU]NOFTWVYp 
 BO Ai(t) SkBOF=@BB2eYB2p5O~OF=@fgO¤f;OQOFTWAQB t fgO~Od=UB jkV5Tp^O m(t) Od=UB`dBTWM
fwj@fg`FOFT\nXWBVYiObKLjkB i fYp@l
qi = lim t→∞P (Ai(t))
S,BOd=UBQMPOdfgOFTWVYp@fY`FK&§XWTA
TOFTWpUZ^jU`dVYS@fYSUTWXTObK Vg




OF=UBpUB2fY`FBRMbOij@fY`POdTWnXB  DÌp Od=UBmOdTA
BTWp^OFB`de;fgX [T, T + dt] OF=@Bj@fg`FOFT\nXWBmTWp m(t) AQV;e5B2M>#TOF=Od=UBMFj,BB2l
vi  fYp@l&AQV5`FB2V;eYB2`n2fgp Af3YB
V5pUBab]UA
j  <>=@TWMmZ5Te5B2M  §VY`mB1)UfgA
jUXWB]Up@lNB2`mOF=UB¤nVYp@lUT OdTV5p
A1  nVYp@MPOdfYp5O>A
V;eYB2AQB2p^O v1dt Vg m  fgpklOF=@B>ab]UA
jVY m OFVQOd=UBpUB2fY`FBRMbO>jkV5Tp^O##TOF=`dfgOFB α12dt <>=L]@M#f5M
T → ∞ B=@f{e5B






v = q1(v1 + α12
∫














fg`dB~lUT B`dBp^O  Od=UBpw§VY`mfYp^K t TOmTWMOd`F]UB~OF=kf;OmfgXWX x(i)k fg`dB~lUT B`dBp^Of  M <>=L]@MOd`dfYp@MFT OdTV5pzjU`dVYS@fYSUTWXTOFTWB2M
ª§V5`mB$)UfgA
jUXWB  §VY`OF=UBB2AS,B2lUlUB2l&no=@fgTWp&fgOOFTWAQBRM 0, 1, 2, ... fY`FBfYS@MFVYXW]NOFB2XKnVYp^OFTWpL]UVY]@M#TOF=Q`dB2MFjkBRn·OOFV  BS,B2MFZY]UBA












DÒO T\Me5B`dK TWp^OF]UTOFTWeYBwOFV Tp^OF`dVNlN]@nBOF=@Bz§V5XXWV;#Tp@Z nV5p5OdTpL]UV5]@MAQVNlNB2X   BO mi(0, x), x ∈ R 
i = 1, 2,
S,B¤jkV^MPTOFTWeYB¤MFA































mi(0, x) = fi(x)














































































































































































































δ(· − x(2)j (t))
`dBj@`FBRMPB2p5O¤B2A







t  <>=^]kM  T φ(x) = (φ1(x), φ2(x))  #=UB`dB φi ∈ S(R)  OF=UB2p§VY`E)NB2l x(1)1 (t), . . . , x(1)N1(t),
x
(2)



























B T > 0  <>=UBp (MN1,N2(t), 0 ≤ t ≤ T ) nfYpzS,BnVYpkMPT\lNB`dB2lwfYMfxfg`93YV;ejU`dVLnB2MdMOof3LTWpUZTOdM~e{fYX]@B2MTWp Od=UBMFj@fYnB¤Vg>OdBA
jkB2`FBRl lNT\MbOd`FTWSU]NOdTV5p@M
S′(R) × S′(R)  DÌp OF=UBMPBR[^]UBXBnVYp@MFT\lNB`
S′(R) × S′(R) fYMfQOFVYj,VYXWVYZ5TWn2fgXMFj@fYnBB2[^]UTWjUjkBRl #T Od= OF=UB~MbOd`FV5pUZQOFVYj,VYXWVYZ5Kz¹MFBBIN]US 5MFB2nOFTWVYp}  tg ( TOF=UV5]NOXWV5MdM#VgZYB2pUB`ofgXWT ObKVYpUBn2fgpfYMdMP]@AQBOd=@f;OiOd=UBmOd`dfgabB2n·OdVY`dTBRMVgOF=UBj@`FVNnBRMFM
MN1,N2(t)
fY`FBc`dTWZY=^OnVYp^OFTWpL]UVY]@M0§]Up@nOFTWVYp@M#TOF=QXBªOXWTWAQTOdM  ILVTOTWMp@fgOF]U`ofgX5OFVnVYpkMPT\lNB`OF=@B>I35V 5`dVY=@VLl~MPjkfYnB
ΠT = D([0, T ], S′(R)×S′(R)) Vg@§]Up@n·OdTV5p@MVYp [0, T ] #TOF=Qe{fYX]@B2MTp S′(R)×S′(R)f5MfnV^V5`dlUTp@fgOFB
MPjkfYnBQVgOF=UB
jU`dVNnBRMFM
MN1,N2(t)  IL]USkMPBRn·OFTWVYp }  tB$)NjUX\fgTWp@M=UV; OdVTWp^OF`dVNlN]@nBOdVYj,VYXWVYZ5KVYpwOF=UT\MMFj@fYnB   BO B(ΠT ) S,B
OF=UB¤nVY`d`FBRMPj,VYpklNTp@ZCVY`dBX σ 5 fgXWZYB2SU`df  . Bp@VgOFB P TN1,N2Od=UBmjU`dVYS@fYSUTWXTObKA
B2fYMF]U`dBVYp (
ΠT ,B(ΠT )




N1, N2 → ∞  B>fgp^O>OFVjU`dV;eYBOF=@fgOfYM N1, N2 → ∞ Od=UBMFB2[^]UB2p@nBVgjU`dVYS@fYSUTWXTObKlNT\MbOd`FTWSU]NOdTV5p@M P TN1,N2=kfYMf>B2f43iXTWA
T O  fgp@lOF=@TWM0XTWA
T O0T\Mf>V5pUB 5 jkV5Tp^O¶A
B2f5MP]U`dB  OF=kf;OT\MOF=UB(VYpUXWKiOd`dfgabB2n·OdVY`dK (m1(t),m2(t)) 
0 ≤ t ≤ T  #=UTWno= T\MmOd=UBnXWf5MFMFTWn2fgX(MFVYXW]NOdTV5p&VY>OF=UBMFKNMbOdBA 5R 5 .tY  BMPj@XTO~fjU`dVLVg>Vg>OF=@TWM`dB2MF]UXO#Tp^OFVQOd=UBmpUB$)LO#ObV
jU`FV5jkV^MPTOFTWVYpkM 
   ¢  ¢  @  @¹¢
B   
$ # 	 !








 0  
   ¢  ¢  @  @¹¢
B  

- +$ # 	      # 4
P TN1,N2
 9
1    E




    @    B 2







(MN1,N2(t), 0 ≤ t ≤ T )  #T Od=e;fYX]UBRMTWp OF=@BMFj@fYnBVg#Z5BpUB2`dfYXTWBRl&§]Up@n·OdTV5p@M  TWMOFTWZY=^O  CK&Od=UB¤Od=UBV5`FB2A|v  5¤VY *   - .MPB2BfgX\MFVIN]US@MFB2n·OdTV5p }  tg  T OT\MMF]¤nTWBp^OmOdVjU`FV;e5BOd=@f;O§VY`fgpLKzOFB2MPOm§]Up@nOFTWVYp ψ = (ψ1(x), ψ2(x)) OF=UB¹fYA
TXWKzVY`ofgp@lUVYA jU`dVNnBRMFMFB2M
(〈MN1,N2(t), ψ〉 , 0 ≤ t ≤ T )  #T Od= e{fYX]@B2MmTWp R1  TWMmOFTWZY=^O  <>=@TWM#TWXWXSkBlUVYpUBTWpOd=UBm_c`dVYj,V5MFT OdTV5p"5Ru~S,BXWV; 
2 T)MFVYA



































































2 VY`iMF=UVY`FOFp@B2MdMB#TXWX#`dT OdB F (x(1);x(2)) TWp@MPOFB2f5lVY Fψ,N1,N2(x(1);x(2)) 







∣ ≤ C1(ψ, v1, v2, α12, α21)












2(x(1);x(2)) − F (x(1);x(2))LN1,N2F (x(1);x(2))
∣
∣




























































































































































∣ ≤ |v1| ‖ψ′1‖C + |v2| ‖ψ′2‖C +
+2α12 ‖ψ1‖C + 2α21 ‖ψ2‖C
fYp@l OF=@BwfYMdMFB`FOFTWVYp @



















2(x(1);x(2)) − F (x(1);x(2))L1N1,N2F (x(1);x(2))
∣
∣







































































































































































































































































 , §V5XXWV;iM§`FV5A OF=@TWM   B2AQAfQT\M#jU`dV;eYB2l 




2 → 0, N1, N2 → ∞.























B2`FV  <>=UTWM§V5XXWV;iM§`dVYA Od=UBmB2MPOFTWAf;OFB  gVgOF=@BmXB2AQAf 
   ¢  ¢  @  @¹¢
B    E
1321








, t ∈ [0, T ],
 0  



























































≤ C1(ψ, v1, v2, α12, α21) · T ,
Od=L]@M  Od=UBmnVYpklNT OdTV5p"5{cVYOF=UB 8 jUjkB2p@lNT)=UV5XWlUM  <>=UBnVYpklNT OdTV5pt5(fYXWMFV=UV5XWl@M  fYMV5pUBn2fgpjU`FV;e5BOd=@f;O
w′(ηN1,N2 , γ) ≤ 2γ · C1(ψ, v1, v2, α12, α21) ._c`dV;eYBOd=@f;OOF=UBMFB2[^]UB2p@nB {Wψ,N1,N2(t), t ∈ [0, T ]}N1,N2
T\M>OdTZ5=5O   MPTWpUZ VYXWA
VYZ5VY`dV;e McTWp 5BR[^]@fgXWT ObK§V5`sMP]US@A











<>=@Bp§`FV5A OF=@BnVY`dVYXWX\fg`dK , Od=UBnV5p@lNTOFTWVYp 5RVg 8 jUj,BpklNT )=UVYX\lUM  <>=L]@M
P (|Wψ,N1,N2(τ + θ) −Wψ,N1,N2(τ)| > ε) ≤










≤ θ · (C12(α12, ψ1)/N1 + C21(α21, ψ2)/N2)
ε2
 MPTWpUZOF=UT\MB2MPOFTWA
fgOFB~VYpUBQnfgpwno=UB2n3OF=@B~MF]¤nTWBp^OnVYp@lUT OdTV5pVg 8 XWlNV5]@M  <>=@Bp_c`dVYj,V5MFTOFTWVYp 5RuT\M>jU`dV;eYBRl <>=UT\MinVYp@nX]@lUB2M#fgX\MFVOd=UBmjU`dV^VYVY_c`dVYj,V5MFTOFTWVYp } 
  '     ¢  
 @¹¢
B 
 7B7@  @¹¢
B  
	  1	  E

 !  
1C 
M(t) = (m1(t, x),m2(t, x))
  * 9,+
1#  C !+ E  	 1      $ 	


φ1(x), φ2(x) ∈ S(R)
 E $## *  0 "$ C 
# 









φ(x) = (φ1(x), φ2(x))

  E 41I!
G(x) = (g1(x), g2(x)
  E  #   $
φ(x)






% VgOFBOd=@f;O#§`dVYA OF=UBm`dBjU`dB2MFBp^Oof;OFTWVYp&¹}Y>fYp@lOF=UBmT\lNB2p5OdT ObKw   TO#§VYXWXWV;iMOF=@fgO




〈MN1,N2(s), (v1φ′1 − α12φ1 + α21φ2, v2φ′2 − α12φ1 + α21φ2)〉 ds,
 BO h = h(t) ∈ ΠT = D([0, T ], S′(R) × S′(R)) G2 V5`>E)NB2l φ lUB@pUBOd=UB§]Up@nOFTWVYp@fYX






〈h(t), φ〉 − 〈h(0), φ〉 −
∫ t
0









|Wφ,N1,N2(t)| = Jφ,T (MN1,N2).
<>=@B`dB2MPO#VgOF=UBmj@`FVLVgTWM#MPOdfYp@lUfY`dl&¹MFBB+*¾r - >fgp@lnV5p@MPT\MPOdM>VgOF=@`FB2BMPOFB2j@M 
 





∀ε > 0 P {Jφ,T (MN1,N2) > ε} ≡ P TN1,N2 {h : Jφ,T (h) > ε} → 0 (N1, N2 → ∞)
SLK VYXWA














P T∞ {h : Jφ,T (h) > ε} ≤ lim sup
N1,N2
P TN1,N2 {h : Jφ,T (h) > ε} .








=@f{eYBmMF]UjUj,VY`FOiVYpOF=@BMPBO {h : Jφ,T (h) = 0}  #=UT\no=nV5p@MPT\MPOdMVYB2f43MPV5X]UOFTWVYp@M>VY!5{ 5 .t5 <>=UT\MinVYA
jUXWBOFBRM>jU`dV^VYVY_c`dVYj,V5MFTOFTWVYp   
<>=UBjU`FV5SUXWBA VY>]@pUTW[^]UB2pUB2MdMmVYOd=UB¤B2f3wMPV5X]NOdTV5p Vgm!5R 5 ÄtYT\M[^]UTOFB¤MFTA
jUXWB¤S,B2n2fg]@MFB
OF=UBMFKNMbOdBA  5R 5 ÄtYT\M# 





  #    ' "
%#	 




















ȧ1 = v1 + α12 (a2 − a1)










+ (a2(0) − a1(0)) e−(α12+α21)t.
<>=L]@M













ḋ1 = α12 (d2 − d1) + α12 (a2(t) − a1(t))2




(α21d1 + α12d2) = 2α12α21 (a2(t) − a1(t))2
d
dt
(d2 − d1) = − (α12 + α21) (d2 − d1) + (α21 − α12) (a2(t) − a1(t))2
2 `FV5A OF=@TWM#BZYBO


















<>=L]@MOd=UB>ZY`dV;>OF=VY@e;fg`dTWfYp@nBRM0T\MsfYMFKLAQjUOFVgOdTWn2fgXWXKXWTp@B2fg`  xVY`dBV;eYB2`  S,VgOd=QfY`FBfYMFK^A
jNOdVgOdTWn2fgXWXKBR[^]@fgX 
% V; BnVYA








+ v1ipg1 = α12(g2 − g1)
∂g2
∂t
+ v2ipg2 = α21(g1 − g2)
#TOF= TWpUTOFT\fgX0nVYp@lNTOFTWVYpkM




















a = i(v1 + v2)p+ α12 + α21, b = −v1v2p2 + ip(v1α21 + v2α12)Ep@Bn2fgp#`FTOFBOd=UBmMPV5X]UOFTWVYp fYM
g = C+φ+ exp(tλ+) + C−φ− exp(tλ−)
#=@B`dB
φ±
fY`FBiB2TZ5BpN§]@p@n·OdTV5p@M  % VgOFBOF=@fgO§V5`MFAfgXWX p OF=UB2`FBfg`dB#ObV`dVLVgOdM  EpUB=@f5M Reλ− < 0 Od=L]@M#MbOd`FV5pUZYXWKlNBRn`dB2f5MPTWpUZOdB`dA  8 pUVYOF=UB2`iTWM
λ+ = c1p+ c2p




 BO ξt S,B~f¤`dfYp@lNVYA e;fg`dTWfYSUXBm#TOF=wlNBp@MFTObK m(x, t)  g(k) 5 T OoMno=@fY`df5n·OdB`dTWMPOFT\n§]Up@nOFTWVYp i BfY`FBTWp5OdB`dB2MPOFBRlTWp 1√
t











! "$# 5  
  N   '     1  $ 
 $#    	


mi(t, x) = fi(x− vt)
$
fi




  N      /   0  #/#     E  *(E1
x
(i)
k (0) = 0
$
k = 1, ..., Ni; i =
1, 2
 
 9 0 $/ 1+  	

  9   # -
  ;ms 
<V
jU`dV;eYBOF=UB2VY`dBAM>vfgp@l r~Bm#TWXX¶]kMPBfYpB2AS,B2lUlNBRl xfg`93YV;eno=@fYTp 
   *    	 !

  !# 
: V5p@MFTWlNB2`cOd=UBnVYp^OFTWpL]UVY]kMsOFTWA
Bxzfg`93YV;e
no=@fgTWp ξN1,N2(t) = ξN1,N2(t, ω)  lNBkpUB2lS^KÄrY  fYp@l¤XWBO
τ1(ω) < τ2(ω) < ... < τn = τn(ω) < ...
S,B¤Od=UB`ofgpklNVYA|AQV5A
Bp^OdM~Vg#j@fY`POdTWnXBmab]@AQjkM  <>=UBp τn+1 − τn fg`dB¤T  T  l  `ofgp@lUVYA e;fY`FT\fgSUXWB2MB1)NjkV5pUBp^OFT\fgXWXWKlNT\MbOd`FTWSU]NOdB2l#T Od= AQBRfgp
γN1,N2 = (N1α12 +N2α21)
−1 
 BmTp^Od`FVNlN]@nBmf  1$9$  xfY`35V;e
no=kfgTWp ζN1,N2(n)  n = 1, 2, . . . 














































 e^T\lNB2p5OdXK  Xi(n) = x(i)(τn) fgp@l Di(n) = S2i (τn)  DÌp OF=UB MPBR[^]UBXB MF=@fgXWXlUB2fgX>#TOF= OF=UB2T`B1)NjkBRn·OFBRle{fYX]@B2M
µi(n) = EXi(n), di(n) = EDi(n),fYp@lMP=@fYXX¶p@BB2l fYXWMFVOd=UBmpUVYOdf;OdTV5p
l12(n) = µ1(n) − µ2(n), r(n) = E (X1(n) −X2(n))2
¨¨ ¯J@Ï·É·ÈoÎ
5    (# 	E	
(  
    ')# #%$  % 
' B`dBBjU`dV;eYB<>=UBV5`FB2A v <>=UB§V5XXWV;#TWpUZ~XWBA
AfnfYpS,Bno=UBRn3YB2lSLKf
MbOd`dfYTZ5=^OP§VY`d>fg`olnfgX\n]@XWfgOFTWVYp 
          $4
µi(n)
$C 	   E $## *  0 1#$  	 1
µ1(n+ 1) = µ1(n) + [α12 (µ2(n) − µ1(n)) + v1] γN1,N2 + α12 (v2 − v1) γ2N1,N2
µ2(n+ 1) = µ2(n) + [α21 (µ1(n) − µ2(n)) + v2] γN1,N2 + α21 (v1 − v2) γ2N1,N2
2 VY` l12 OF=UBmBR[5]kf;OFTWVYpT\M#fgX\MPV
XWTpUBRfg`ifYp@lnXV^MPBRl  % fYAQB2XK 
l12(n+ 1) = l12(n) + [− (α12 + α21) l12(n) + (v1 − v2)] γN1,N2 + (α12 + α21) (v2 − v1) γ2N1,N2



















R = 1 − γN1,N2 (α12 + α21) <>=UBme;fY`FT\fgSUXWB2M
S(n) = α21µ1(n) + α12µ2(n)
fgX\MFV
Mdf;OdTWMP§KOd=UBm`FBRn]U`d`dBp^OBR[^]@f;OdTV5p@M
S(n+ 1) = S(n) + γN1,N2 [α21v1 + α12v2]<>=L]@M
S(n) = S(0) + n
α21v1 + α12v2
N1α12 +N2α21
= S(0) + (nγN1,N2) · (α21v1 + α12v2)
 5!%5
2 `FV5A !5{tY>fgpklw 5!%YOd=UBMbOof;OdBA
Bp^OiVg<>=UBV5`FB2A vQ§VYXWXV;iM 
    ')# #%$ !! #&%) 
  ¢   £  
N @.¢ B   BmV5]UXWlXWT35BOdV
ZYBOnXV^MPB`dB2n]U`F`dBp^O>B2[^]@fgOFTWVYp@M§VY` di(n) 












j (t), i = 1, . . . , N1, j = 1, . . . , N2
)
, t ≤ τn
)
=



















    #; "$ C	 $
E(D2(n+ 1) | . . .)
" 9   1 
  1	  

# E 0  !    










: V5p@MPT\lNB2`>OF=UBme5B2n·OdVY` w(n) = (d1(n), d2(n), r(n))T s Bm=@f{eYB





3 × 3  5 Af;OF`dT)  pUVYOilNBj,Bp@lUTpUZV5p n  f(n) TWMifQS,VY]UpklNB2leYBRn·OFV5`§]Up@n·OdTV5p Vg n  gT\M#f
nV5p@MbOofgp^O#eYBRn·OFV5`
A = E + γN1,N2B,
 5RrY
























































% VgOFBOd=@f;O A, f(n), g lNBj,Bpkl V5p N1, N2 fgpkl V5p VYOF=UB2`Qjkfg`ofgA





jkV5pUBp^OdMiVgOF=UBe5B2nOFVY` −→q N1,N2 fg`dBj,V5MFTOFTWeYB  <>=UB2p g  OF=UBQnVLVY`olNTWp@f;OdB2M>Vg f fgp@lOd=UBAf;Od`FT)B2XB2A
Bp^OdMVg A fg`dBfgXWX0j,V5MFTOFTWeYB  <>=L]@M_B2`F`dVYp 5 2 `dVYS,Bp@T]@M(OF=@BVY`dK¤T\Mifgj@jUXT\nfYSUXWB 






λ1 = −(α12 + α21)  λ2 = 0  λ3 = −2(α12 + α21)   B&#TXWXmMbOd]@lNKf5MPKLA
jNOdVgOFT\nM§VY`Od=UBnfYMFBQ#=UBp
N1 = c1N  N2 = c2N fgp@l N → ∞  . BpUVYOFB ∆ := c1α12 +
c2α21  OF=@fgOiTWM γN1,N2 = (N∆)−1 2 VY`#X\fg`dZYB Ni OF=@BmA
fgOF`dT ) B TWMif
MFAfgXWX¶jkB2`POd]U`FSkf;OFTWVYpVgOF=UBmAfgOF`dT ) B1
B = B1 +
1
N



























 B##TWXXN]@MFB>jkB2`POd]U`dS@f;OdTV5pOd=UBV5`FKmOdVZYBOsB2TZ5BpLe;fgXW]UB2MVg B 62 V5` λ1(N) fYp@l λ3(N) TOcT\MsMP]¤nTB2p5OOdV
#`FTOFB


























































































. BpUVYOFB σ1(N)  σ1(N)  σ1(N) OF=@BmBTWZYBpLe;fgXW]UBRM>Vg0Od=UBmAf;Od`FT) A G2 `FV5A| 5Rrg>fYp@lw 5  Y 5 , B=@f{eYBOF=@B§VYXWXV;#TWpUZfYMdMPB2`POdTV5p 
         1 0 $  #    
A




























 . 4  -
b1, b2, b3

 Bc#TWXX5pUBBRlfYXWMFVOF=UB(BTWZYBpLe5B2n·OdVY`oM,Vg A  #=UT no=BclUBpUVYOFBcnV5`F`dB2MFj,VYp@lNTWpUZ5XK#SLK e(N)1 , e(N)2 , e(N)3 DÒOT\M
nXWB2fg`QOd=@f;O





























































DÒO>TWM>nXBRfg`cOd=@f;O>#TOF=w 5  ;  !5   cT.tYuY(T O>TWMpUVYOlNT ¤n]UXOOFV~@p@l¤B1)NjUXT\nTOFB2XKQOd=UBnVYp@MPOdfYp^OdM bi 



















! "$# t 5
  ¢       @ ¢
B    U    ¢  @ &     @.¢ 
 <>=@B¤MPV5X]NOdTV5pwVYOd=UBB2[^]@fgOFTWVYp !52v5nfYp
S,Bm]UpUT\[^]UBXWK¤#`dT OFOFB2p f5M




Aj−1f(n− j) + (1 −A)−1(1 −An)g. Ät;v^
<>=@Bm§VYXWXV;#TWpUZ
`dB2MF]UX OMP=UV;iM#OF=@fgOiOF=UB@`dMPOfgpkl XWf5MbOiOdBAMiTWp .tgv5#lNVpUVgOTWp H@]@Bp@nBmOF=UB~fYMFK^A
j 5OdVgOdTWn2M>Vg
w(n) 





































∥ <∞  xV5`FB2V;eYB`  |σi(N)| < 1  MbOofg`FOFTWpUZ#TOF= MFVYA
































% VgOdBOF=kf;OOF=UBQeYBRn·OFV5`i§]Upkn·OFTWVYp f(n)  lUB@pUBRlSLKOF=UB~§VY`dA]@XWfw!5R}Y  T\M 3LpUV;#pzB$)NjUXWTWnT OdBXWK#TOF=Od=UB§VY`dA]@XWf!55R 

































i  Od=UBp V5S^eLTWVY]@MFXWK























CKÄtYrg  fYp@lp@BZYXWB2nOFTWpUZ O ( 1
N
)  B=kf{eYBOF=@fgOs§VY` N → ∞ OF=UBif5MPKLA
jNOdVgOFT\nMVY VN (n) nV5TpknT\lNB2M#TOF=Od=UBfYMFKLAQjUOFVgOdTWn2M>VgOF=UBMF]UA
















      
n = Nθ(N)
*($
θ(N) → +∞ A  	     ! V 1N (n)  " 
  $	 E
19
  1   E/ E G  
  9   ## *   9 
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A  <>=UBp OF=UT\MnVY`d`FBRMPj,VYpklUMcOdV_B`d`FV5p 5 2 `FV5SkB2pUTW]@McOd=UBV5`FK    ¢¢   : VYp@MFTWlUB`OF=@B§VY`dA]UAf !552  DÒB¤fYMdMF]UA




§Bi]@MFBiTO(S,BXWV;  xVY`dBV;e5B`  §`FV5A  552sV5pUBinfYpZYBO(OF=@fgOcOF=UB2`FBB1)NTWMPOinVYpkMbOofgp^OdM
C1 > C2 > 0  #=@TWno= lNV
pUVgOlUBj,Bp@lVYp N fgp@l n  MF]@no=OF=@fgO
0 < C2 < (v1 − v2)l12(n) < C1 ∀n,N
Ät  g







































1 − σ3(N)fYp@lOFVMP=UV; OF=@fgOsOF=UB@`oMbOcfYp@lmOd=UB>OF=UTW`ol~fY`FB>MPAfYXXL#TOF=
`FBRMPj,B2nOOFVOF=UBiMFB2nVYp@l  DÒOsTWMsnVYpLeYB2pUTB2p^OOdVnV5p@MPT\lNB2`MPB2j@fg`of;OdBXWKObVznf5MPBRM1>  
θ(N) → ∞, θ(N)/N → 0    θ(N) ≥ cN  fgpkl ]@MPB
 BA
Af 52} s BmVYA
TO#OF=UBRMPBmlNBOdfgTWX\M 
    ¢  @ ¤      @¹¢  ¢     Y2N @¹¢








































   ¢¢ ¶¢  




















% V; BnfYp ]@MFBOd=UBXWBA






































n, C ′1,N →
v1 − v2
α12 + α21
, C ′2,N → C ′2,∞ (N → ∞).
% VgOdBOd=@f;O#Od=UB§VYXWXWV;#TpUZ
BRMbOdTAf;OdB=UVYX\lUM>]UpUT§VY`dA


































































2 ξ2 (v1 − v2)2










% V; Od=UBOF=UB2VY`dBA BRfYMFTXWK§V5XXWV;iM 
   	&#!
   
*) *+#$ #      





  '% "#   
 BO {(ξnt , t ∈ [0, T ])}n∈N SkB&f MFB2[^]UBpknBVgm`dB2fYXi`dfYp@lNV5A jU`dVNnB2MdMFB2M#=UT\no= OF`of;abBRn·OdVY`dTBRMfg`dB`dTWZY=^O 5 nV5p5OdTpL]UV5]@MQfgp@l fYlUAQTO¤XWBªO 5 =@fYp@l XTWA
T OoM
§VY`B2eYB`dK 0 < t ≤ T   B#TWXXnVYpkMPT\lNB` ξnf5M`ofgp@lUVYA B2XB2A
Bp^OdM#T Od= e;fgXW]UB2MTp Od=UBI 3YVY`dVY=@VLl&MFj@fYnB
DT (R) := D
(
[0, T ], R1
) #T Od= OF=UB
MPOdfYp@lUfY`dl OFV5jkV5XV5ZYK  . B2pUVgOdB PnT OF=@BwlNT\MbOd`FTWSU]NOdTV5p Vg ξn  lNB@p@B2l V5p OF=UBwAQBRfYMF]U`ofgSUXWBzMFj@fYnB
(DT (R),B (DT (R)))  <>=UB§V5XXWV;#TWpUZ~`dB2MF]UXOnfYpS,B§VY]UpklTWp *5 -Ä
 L¢        E 12$ 9    9 $# C	  # {PnT }n∈N   0 G   $## *  0 -* 
 4 E#  
























PnT (ξ· : w
′(ξ; γ) > ε) = 0 ,
*($9/$  	 
1C
f : [0, T ] → R 
 	 γ > 0 *   4-G 






|f(t) − f(s)| ,




 C  !; E  1  #
[0, T ]
  E
0 = t0 < t1 < · · · < tr = T, ti − ti−1 > γ, i = 1, . . . , r.
<>=UB§V5XXWV;#TWpUZOd=UBV5`FB2A T\MA3LpUV;#pf5MOF=UBMF]¤nTWBp^OinV5p@lNTOFTWVYpVg 8 X\lNVY]kM;* r -Ä
 L¢   ('   
 C   ! E  11 $##*   /$##* 10 
 C






PnT (|ξτ+θ − ξτ | > ε) = 0 ,
*($9 RT ; E
1$A! +4  1-        0 C#   39  0 T 





















BOd`FTW2fYSUTWXTObK MFBB *5Ru -   DÌpOd=UB~lU]@fgXMPjkfYnB S′(R) VgOFB2A
jkB2`FBRllNT\MbOd`FTWSU]NOdTV5p@MiOd=UB`dBfY`FBfgOXWB2f5MbOiObV¤>f{KNM>OFVlUB@pUBOdVYj,VYXWVYZ5K§S,VgOF= pUVYOiA
BOF`dTW2fgS@XB{ >




〈 · , φ〉 , φ ∈ S(R)








|〈M,φ〉| : A ⊂ S(R) − bounded
}
.
 BMP=@fYXXnV5p@MFTWlNB2` S′(R) fYMB2[^]UTWjUj,B2l¤#TOF=OF=@BMPOF`dVYpUZOFVYj,VYXWVYZ5K 6. BOdfYTX\M>nfgpSkB§VY]@p@l¤TWp* 52u -Ä<>=UB(jU`FV5SUXWBA VYLTWp^OF`dVNlN]@nTWpUZ>VgLOd=UBI35VY`dVY=UVNl#OdVYj,VYXWVYZ5KiVYpOF=@B(MPjkfYnB
DT (S
′) := D([0, T ], S′(R))>fYMMbOd]@lNTWB2lwTp *   - fYp@l * 5 5 -Ò <>=UB~OFV5jkV5XV5ZYKVYpOd=UTWMMFj@fYnBT\MlNB@p@B2lzf5Mi§V5XXWV;iM   BO {ρA} SkBf¹fYAQTWXWKzVg#MFBA
Tp@VY`dA
M  #=UT\no= ZYB2pUB`of;OdB2MmMPOF`dVYpUZOFV5jkV5XV5ZYKTWp S′(R)  2 V5`B2f5no=&MFBA
TWpUVY`dA ρAlUB@pUBfQj@MFB]klNVYA
BOd`FT\nM







































 BO B(DT (S′)) SkBOF=UB
nV5`F`dB2MFj,VYp@lNTWpUZ¤CVY`dBX σ 5 fgXWZYB2SU`of   BO {Pn} S,B~fMFB2[^]UB2p@nBVgcjU`dVYS 5fYSUTWXTObK A
B2f5MP]U`dB2M~VYp
(DT (S
′),B(DT (S′)))  2 V5`B2f5no= φ ∈ S(R) nVYpkMPT\lNB`¤fwAfgj Iφ : y ∈
DT (S
′) → y·(φ) ∈ DT (R)  <>=UB§VYXWXV;#TWpUZ
`dB2MF]UX O#S,BXWVYpUZ^MOFV
D  xTOFV5Af *   -Ä









 {Pn} 11#  0 / DT (S′) 
   ;>#
*5 - CTWXXWTWpUZ5MFXB2K¤_ 
: VYpLe5B`dZYBpknBVgj@`FV5S@fgSUTWXWT ObK¤A
BRfYMF]U`FBRM  VY=Up  TWXB2K INVYp@M  5 , }   
* t -. VLVYS k ( I^OFVNno=@f5MbOdTWn_c`dVNnB2MdMFB2M  V5=Up  TWXWBK ILVYpkM  % BcVY`93 
* % - 8 
	 `dBB2pLSkB2`FZ  xfgXWKNMP=UB2e  I  _V5jkV;e  I^OdVNno=@fYMPOFT\nmxVNlNBXVgcxf5MFMFTe5BXWK¤_sfg`ofgXWXB2X0ILTWA]UX\f 5OdTV5p  xfY`35V;e
_c`FVNnB2MdMPBRM#fgp@lh#BX\f;OdB2l 2 TB2XWl@M  5 ,4, r  e  5  pUV  v  jUj  v  % 5 v , u 
* v -  mfgOFV<  _B`FOF]@`FS@fgOFTWVYp<>=UBV5`FK§V5`  TWpUB2fY`EjkB2`dfgOFVY`oM  INjU`FTWpUZ5B`  5 ,  g} 
* r -  TWjUpUT\M :W  fYp@lNTWA : INn2fgXWTp@Z  TA
TOdM#VYDÌp^OFB2`df5n·OdTpUZQ_sfg`FOFT\nXWBILKNMbOdBAM  ILjU`dTpUZ5B`G 5 ,4,   
* } - 8  xfYpUT Oof  IN=@no=UB`dS@f43YV;e  8 MPKLA
jNOdVgOFT\nfgpkfgXWKLMFT\M~VYj@fY`POdTWnXBMFKNMbOdBA #TOF= A
B2fYp 5 kBX\lTWp^OFB2`df5n·OFTWVYp  _c`FB2jU`dTp^O  tYuYu"% 
*   -~ IL=@no=UB2`FS@f43YV;e  8  xfgpUTOdf  ILOFVNno=@fYMPOFT\nj@fY`POdTWnXBMPKNMPOFB2A #TOF= pUVYp 5 XWVLn2fgXAQBRfgp 5 @B2XWl TWp 5OdB`ofYnOFTWVYp  DÌp _c`dVNnBBRlNTWpUZ5M>VYDÌp^O 
: V5pN    V5XA
VYZ5VY`dV;eQfYp@l : VYp^OFB2AQj,VY`ofg`dK¤xfgOF=UB2A
fgOFT\nM  xV5MdnV;  ]@pUB 52} 5 t 5  tguYu"%  jUj  r;v ,5 r5rgu 
*   - xT OdVYAfQD  <>TZ5=5OdpUB2MdMVgjU`FV5S@fgS@TXWT OdTBRMVYp C([0, 1];S′) fYp@l D([0, 1];S′)  8 p@p@fgX\M>Vg_c`FV5S@f 5S@TXWT ObK  5 ,   %  V5X  5 5  % V  v E,   ,5 ,",4,@
* ,-.~ xT Od`df  D  xTOF`ofgpUT  8 p@fgXWKNMPT\M0fYp@lVYjNOdTA~]UA*jkB2`P§V5`FAfgpknBsVgLObV#A
B2MdMFfYZYB 5 j@f5MFMFTp@Zj@fY`dfYXXWBXj@`FVNnBRMFMFVY`oM>MPKLp@no=@`FV5pUT2B2lS^K`FV5XXWS@fYn3  _B`F§VY`dAfgp@nBB2e{fYX]kf;OFTWVYp    5 ,    g  5 5 5 5 5{t;v 
* 52u - hiBB2l*x W ILTWA
VYp*C  xBOF=UVNlUM VY~xVNlNB2`Fp xzf;OF=@BAf;OdTWn2fgX_c=LKNMPT\nM  V5X  5"> 2 ]@p@n·OdTV5p@fgX8 p@fgXWKNMPT\M  8 nfYlUBA
TWn_(`FBRMFM  5 ,  gt 
* 5 5 - f3L]US,V;iM3^T 8  EpOd=UB¤I3YV5`FV5=UVNlOFV5jkV5XV5ZYK  8 pUp  DÌp@MbO  ' Bp@`FT_VYTWp@nfY`FB">#_c`FV5S@fgS@TXWT OdB2MBOILOdf;OdTWMPOFT\[^]UB2M  V5X  t5t  % V  % !5 ,   }^  tg}"% Ut   r 
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